Abstract-In this correspondence, we study the functional codes C (X) defined on projective varieties X, in the case where X ( ) is a 1-degenerate quadric or a nondegenerate quadric (hyperbolic or elliptic). We find the minimum distance of these codes, the second weight, and the third weight. We also show the geometrical structure of the first weight and second weight codewords. One result states that the codes C (X) defined on the elliptic quadrics are good codes according to the table of A. E. Brouwer.
I. INTRODUCTION
The code C 2 (X) over q where X is a quadric of n ( q ) the projective space of dimension n has been studied by Y. Aubry [1] . In order to find the minimum distance of this code, Aubry determined some bounds for N = jQ \ Q 0 j, the number of intersection points of two quadrics Q and Q 0 which are exactly known in the case where one of them is an hyperplane, the case both are proportionnal, and the case where the two quadrics have a common factor of degree 1. For the hyperplane section of a degenerate quadric, he rediscovered the earlier result of Swinnerton-Dyer [11, p. 264] . When the two quadrics have no common linear factor, he proved that N n02 + 7 q n01 q 0 1 0 6 q n02 q 0 1 (q 7):
Thus, even in the case of 3 ( q ), when the quadric surfaces X are 1-degenerate (cones), or nondegenerate (elliptic or hyperbolic) Aubry was not able to determine precisely the minimum distance of the code Despite this improvement, the problem of the minimum distance of the code C 2 (X) in 3 ( q ) is only solved for the hyperbolic quadric.
C2(X)
In this correspondence, we find some bounds for the number of zeros of a pair of quadrics which are better than the ones known and we give the exact value of the minimum distance of the code C 2 (X) with X respectively a 1-degenerate quadric, or an elliptic quadric. For each one of the three types of quadrics mentioned above, we will determine the geometrical structure of the codewords reaching the first weight; we will compute the second and the third weight, and show the geometrical structure of codewords reaching the second weight. Let us note that the codes defined on the elliptic quadrics are good codes according to the table of Andries E. Brouwer [3] . 
II. NOTATIONS AND TERMINOLOGY
We denote by q the field with q elements (q 3). We use the term forms of degree two to describe homogeneous polynomials f of degree two, and Q = Z(f) the zeros of f in the projective space n ( q ), is a quadric.
Let Q 0 be a quadric, the rank of Q 0 denoted r(Q 0 ), is the smallest number of indeterminates appearing in f 0 under any change of coordinate system. The quadric Q 0 is said to be degenerate if r(Q 0 ) < n+1;
otherwise it is nondegenerate. The quadrics of 3 ( q ) fall into six orbits under P GL(4; q) (see [6, Lemma 15.3.1] ). In [6, p. 14], we have 3 ( q) such that xj = 0 for j < i and x i = 1. The family fW i g 0i3 is a partition of 3 ( q ). 
III. SOME GENERAL THEORY
Now we will recall a general result on nondegenerate quadric surface which can be found in [10, pp. 241-243] . Let Q be a nondegenerate quadric over q and Q 0 an other quadric. We denote by Q the points on q of the quadric Q defined over q . Let us write C = Q \ Q 0 and 
The second assertion of the lemma comes from the fact that f Cig 1it are conjugate under Gal ( q = q ).
Let us recall the result of Yves Aubry and Marc Perret on the Weil theorem for singular curves, see [2, pp. 415-418] . With this result we get a bound for the number of rational points of any irreducible curve not necessary smooth.
Proposition 3.4:
Let C be a reduced connected projective algebraic curve over a finite field q , with r irreducible components and of arithmetical genus p a (C). Then j#C( q) 0 (rq + 1)j 2pa(C) p q:
In [5] p. 229, we have the following result.
Proposition 3.5: Let
C n ( q ) be an irreducible curve which does not lie in any hyperplane. Then deg C n.
IV. INTERSECTION OF TWO QUADRICS IN 3 ( q)
The quadrics of 2 ( q ) fall in four orbits under P GL(3; q) (see [7, Th. 7.4]). In [7] , we have Table II of quadrics in 2 ( q ).
A. Plane Sections of Quadrics
We have the following result which can be found in [1, p. 7] . 2) If H is not tangent to Q, then Q \ H is a conic in
From this proposition, we deduce that for any plane section of a nondegenerate quadric Q in 3 ( q), we get jQ \ Hj 2q + 1. We also have the same upper bound for a cone, since three of its q + 1 lines are not coplanar.
B. Intersection of A Nondegenerate Quadric With A Pair of Distinct Planes
Let Q be an hyperbolic quadric. The lines fall in four classes: the set of generators, tangents, bisecants, and lines skew to Q. For Q elliptic, there is no generator. The two planes meet at a line denoted by l. There are two types of planes with respect to Q: the tangent planes, and the nontangent planes (those meeting Q in a conic). Thus the two planes have the three following configurations:
1) Each Plane is Tangent to Q: For Q hyperbolic, there is no line skew to Q in each tangent plane; there are only tangent lines, bisecants or generators. However for a fixed tangent line, there is only one tangent plane passing through it. Thus only bisecants and generators are intersection of two tangent planes. Therefore we get jQ \ Q 0 j = 4q or jQ \ Q 0 j = 3q + 1 according to l is a bisecant or a generator. For Q elliptic, in each tangent plane there is no bisecant, there are only tangent lines and lines skew to Q. However, for any tangent line, there is only one tangent plane passing through it. Thus only lines skew to Q are intersection of two tangent planes. Therefore, we get jQ\Q 0 j = 2.
2) One of the Plane is Tangent and the Second is Nontangent to
Q: For Q hyperbolic, l is either a tangent or a bisecant; and this gives respectively jQ \ Q 0 j = 3q + 1, or jQ \ Q 0 j = 3q. For Q elliptic, l is either a tangent line or skew to Q; thus we get jQ \ Q 0 j q + 2.
3) Each One of the Two Planes is Nontangent to Q: In this case the line l is not a generator; l is tangent, bisecant or skew to Q, this give, respectively, jQ\Q 0 j = 2q+1; jQ\Q 0 j = 2q or jQ\Q 0 j = 2(q+1).
C. Intersection of a Cone With a Pair of Distinct Planes
Let Q be a quadric cone. We know from [6, p. 14] that there are four types of planes with respect to Q: the set of tangent planes, planes through a pair of generators, planes through the vertex S containing no generator, planes meeting Q in a conic. The lines fall in six classes:
L 0 1 and L 00 1 are respectively the set of generators, the set tangents at the simple points (excluding the generators), external vertex tangents which are intersection of pairs of tangent planes, internal vertex tangents which are the remaining lines of Q through S, the set of bisecants of Q, the set of lines skew to Q, the nuclear line, and the set of lines through S which are neither generators nor the nuclear line. It is obvious that jQ \ Q 0 j jQj, therefore jQ \ Q 0 j q + 1.
2) Intersection of an Elliptic Quadric With A Cone or A Hyperbolic
Quadric: Since there is no line in the elliptic quadric Q, and each of the q + 1 lines of the cone, or of one regulus meets Q in at most two points, we get jQ \ Q 0 j 2(q + 1).
3) Intersection of a Cone and a Hyperbolic Quadric:
We will distinguish two cases according to this intersection contains a line or not.
-If Q and Q 0 have no common line: we get jQ \ Q 0 j 2(q + 1).
-if Q and Q 0 have at least one common line: from the study of the hyperbolic quadric in [6] pp. 23-26, we have the following result. -if Q and Q 0 have no common line, each one of the q + 1 lines of the cone Q 0 meeting Q in at most two points, we get jQ \ Q 0 j 2(q + 1).
-if Q and Q 0 have exactly one common line, each one of the remaining q lines of Q 0 meets Q in at most two points (the vertex of the cone is one of the two points). Therefore, we get jQ \ Q 0 j (q + 1) + q(2 0 1); thus jQ \ Q 0 j 2q + 1. -if Q and Q 0 have exactly two common lines, each one of the remaining q 0 1 lines of Q 0 meets Q in at most two points, we deduce that jQ \ Q 0 j 3q. -if Q and Q 0 have at least three common lines: from Lemma 3.3, we deduce that Q and Q 0 have exactly four common lines; thus we get jQ \ Q 0 j = 4q + 1. We deduce that jQ \ Q 0 j = 4q. For example the two hyperbolic quadrics defined by the polynomials f 1 = x 0 x 1 + x 2 x 3 and f2 = x3x0 + x1x2 have exactly four common lines for q odd. C is an irreductible curve of degree 4 defined over q from Lemma 3.3, and from part (?) of proposition 3.1 we get p a (C) 1. Thus we get jQ \ Q 0 j 1 + q + 2 p q.
E. Intersection of two Non-Degenerate Quadrics of the Same Type

2) Intersection of two Elliptic
2) t = 2 with d = 1 + 3: this case is impossible; in fact from Lemma 3.3 there is a common line defined over q in the two elliptic quadrics.
3) t = 3: here
C3, where l1 and l2 are lines and C3 is a curve of degree 2 defined over q . From Lemma 3.2, since there is no line on the elliptic quadric, we get that l1 and l2 contain each one at most one point over q . The curve C 3 is also defined over q and from part (?) of Proposition 3.1, p a ( C 3 ) = 0 so that j C3( q)j 1 + q. Therefore we get jQ \ Q 0 j q + 3. (a) ( C 1 ) = C 1 and ( C 2 ) = C 2 : in this case the two curves C 1 and C 2 are defined over q . Therefore for i = 1; 2, we get jCi( q)j 1 + q + 2pa(Ci) p q with pa(Ci) = 0 from Proposition 3.1. Hence, jQ \ Q 0 j 2(q + 1). f(x; y; z) = f ijk x i y j z k with f ijk 2 q . Let f1;g be a q -base of q : f ijk = r ijk + s ijk where r ijk and s ijk belong in q. We can now write f(x; y; z) = R(x; y; z) + T (x; y; z) where R(x; y; z) = r ijk x i y j z k and T (x; y; z) = s ijk x i y j z k . Let us denote by Z (G) the set of zeros of the polynomial G in the projective space 2 ( q ). In this way, we get C 1 = Z (R) \ Z (T ) which gives jC 1 j = jZ (R) \ Z (T )j. Since there is no line in the elliptic quadric, we deduce that there is no line in Z (R) \ Z (T ) and finally jC 1 j q + 1.
Thus, in this case we have jQ \ Q 0 j q + 1. The weight structure of the code C2(X ) is as follows.
The minimum weight codewords correspond to the following: -quadrics which are union of two planes passing through a pair of generators and the line of intersection of the two planes intersects the cone at a singhe point; -quadrics cone containing exactly four lines of X . The second weight is w2 = q(q 0 2) and the corresponding codewords are given by the following: -quadrics which are union of two planes, each passing through a pair of generators and the line of intersection of the two planes is a generator; -quadrics which are union of two planes, one tangent to the cone and the second passing through a pair of generators and the line of intersection of the two planes l 2 L + 1 or l 2 L 00 1 ;
-the third weight is w 3 = (q 0 1) 2 .
VI. CODES C 2 (X) DEFINED ON NONDEGENERATE QUADRICS
Here X denotes a nondegenerate quadric. Since the parameters of the code C2(X ) vary according to the type of the quadric X , we need to distinguish two cases: hyperbolic quadrics and elliptic quadrics.
A. The Parameters of the Codes C 2 (X) Defined on Hyperbolic Quadrics
As previously indicated, the upper bound in [9, p. 172 ] is optimal in this case; it gives the minimum distance. In the other hand it can not describe more than the first weight; this can be done by applying the results of Section IV-A-B, D1-3, and E1. Thus, we have the following results. The weight structure of the code C 2 (X) is as follows.
The minimum weight codewords correspond to the following. -Quadrics which are union of two tangent planes to X and the line of intersection of the two planes intersects the hyperbolic quadric at two points. -Hyperbolic quadrics containing exactly four lines of X with two lines in each regulus of X .
The second weight is w2 = q 2 0 q and the corresponding codewords are given by the following. -Quadrics which are union of two tangent planes to X and the line of intersection of the two planes is a generator of X . -Quadrics which are union of a tangent plane, and a nontangent plane to X , and the line of intersection of the two planes is tangent to X . -Hyperbolic quadrics containing exactly two generators of X in distinct reguli and the remaining q lines of one regulus are all bisecants to X .
The third weight is w 3 = q 2 0 q + 1.
B. The Parameters of the Codes C2(X ) Defined on Elliptic Quadrics
Here the upper bound from the result of D. B. Leep and L. M. Schueller is not the best possible; it cannot give the minimum distance.
The minimum distance and the firsts weights of the code C 2 (X), can exactly be determined by a straight application of IV. (A-B, D.1-2 and E.2). Thus, we get the following results. The weight structure of the code C 2 (X) is as follows.
The minimum codewords correspond to the following. -Quadrics which are union of two nontangent planes to X and the line of intersection of the two planes is skew to X . -Quadrics cones which vertex doesn't lie on X , and all its q + 1 lines are bisecants to X . -Hyperbolic quadrics with all the q + 1 lines of a regulus are bisecants to X .
The second and third weights are, respectively, w 2 = q(q 0 2); w 3 = (q 0 1) 2 .
Remark 6.5: These functional codes C 2 (X) defined on the elliptic quadrics are good codes according to the table of Andries E. Brouwer [3] .
In fact, for q = 3; 4; 5; 7; 8; 9 we get, respectively, the following codes: [ 
